I. Introduction
It is known (see [A] and [EM] ) that the group of volume preserving diffeomorphisms of a compact oriented Riemannian manifold is the configuration space of incompressible ideal hydrodynamics. The group of symplectic diffeomorphisms plays a similar role in plasma physics (see [MW] ). Both groups carry a structure of metric space, natural from the point of view of mechanics, which can be defined, starting with the L2-norm on their Lie algebras, as the infimum of length of paths connecting two points (see w for exact definitions). Shnirelman in [Sh] has proved that the group of volume-preversing diffeomorphisms of the cube in ~3 has finite diameter and has announced the result that this is false for the square.
Despite the fact that Shnirelman formulated his theorem only for the 3-dimensional cube, his proof can be modified for the case of the group of volume preserving diffeomorphisms of any compact simply-connected Riemannian manifold of dimension > 2. However, the diameter can become infinite if the fundamental group is not trivial (see Appendix).
It turns out that the situation with the group of symplectic diffeomorphisms is completely different. We prove in this paper that the diameter of the symplectomorphism group of any compact exact symplectic manifold (necessarily with boundary) is infinite. We think that the result is true without the assumption of the exactness of the symplectic form.
It is important to point out that, as a contrary to the volume-preserving case, infiniteness of the diameter of the group of symplectomorphisms has local nature and has nothing to do with the topology of the underlying manifold. The distinction between the cases comes from the fact that the fundamental group of the group of linear symplectic transformations is infinite while in the volume preserving case it is finite in dimension > 2.
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Although the structure of metric space on the group ofsymplectomorphisms 9~ considered in this paper is natural from the point of view of continuum mechanics, there exist other metrics which are quite natural from the geometric point of view. In fact, we prove in this paper infiniteness of the diameter in the metric on 9o, generated by the L 1 -(rather than the L 2 -) norm on its Lie algebra. This implies, of course, the result for all LP-norms,p > 1. Moreover, the group 9,~ admits even more interesting metrics. One of them which is actually biinvariant and can be canonically defined in terms of the symplectic structure was recently discovered by H. Hofer (see [H] ). Infiniteness of the diameter of 90, in Hofer's metric can also be seen within the philosophy of our paper. While the main ingredient in our proof is the Calabi invariant (which is a volume-like symplectic invariant), the proof for Hofer's metric requires more subtle symplectic invariants-Ekeland-Hofer-Zehnder's capacities or Gromov's width.
The paper is organized as follows. In Sect. 2 we define the metric on 9o, and state the main theorem. Section 3 contains a reduction to the case of exact symplectomorphisms. Section 4 is devoted to a general inequality which we use in the Sect. 5 to prove the main results. In the Appendix we give a brief explanation of the role of the fundamental group in the volume preserving case.
Note that the proof can be greatly simplified for the case of the group of exact symplectomorphisms fixed at the boundary of the manifold. In this case the result follows (see [ER] ) from three main ingredients: an inequality between the length of a path and the value of the Calabi invariant of the resulted symplectomorphism; the independence of the Calabi invariant from the choice of the path; the existence of symplectomorphisms with arbitrarily large values of the Calabi invariant.
The proof in the general case requires more work. But even in the special case above the approach of this paper has some advantages. It shows that not only 9o, but all its non-trivial normal subgroups have infinite diameter (see Theorem 2.2 below).
Statement of the results

Metrics on the 9roup of volume preservin9 diffeomorphisms
Let M be a compact manifold (possibly with boundary) with a volume form/~. Fix a Riemannian metric on M. Let 9 be the connected component of the identity in the group of volume preserving diffeomorphisms of (M, #). A tangent vector to 9 at a point r/is a map X 9 M--* TM such that X (x)~ T~x)(M), x~ M (see [EM] 
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The length function lp defines a distance function d r on 9 by dp(f, g)= inf/p({qt}), where the infimum is taken over all paths r/t, t6 [0, 1], joining ~/o =f and r h =g.
The diameter of the symplectomorphism group is infinite 329 For any pathwise connected subset A c ~ we define its p-diameter by the formula diamp(A)= sup dp(f,g).
f,g~A
For a pair A c B in ~ we define a relative p-distance by the formula dp (f, g[B) = inf lv ({r/,}) where the infimum is taken over all paths r 5 ~ B, t e [0, 1 ], joining r/o = f, r/1 = g ~ A.
The relative p-diameter of A in B is now defined by the formula Note that diam(AlB)= sup dp(f, glB).
In this paper we are proving infiniteness of diameters of certain subgroups of ~. According to the inequality above the strongest results are with respect to diam 1 . From now on we will consider only this case and we will drop the index "1" from our notations.
Groups of symplectomorphisms
Let M be a compact exact symplectic manifold (necessarily with boundary) with the symplectic form co =d2. Then p = o~" is a volume form on M. Let us denote by ~, ~,~ c ~, the identity component of the group of symplectomorphisms of M, i.e. diffeomorphisms f : M~M with f'co = co.
A symplectomorphism f ~ ~o, is called exact if the closed 1-form 2y = f* 2-2 is exact. The exactness of 2 s is independent on the choice of 2 with d2 = co. Let ~ be the subgroup of ~, which consists of exact symplectomorphisms. Note that ~ is path connected (see 3.5.2 below). By @s we will denote the subgroup of ~ which consists of diffeomorphisms which are fixed near the boundary OM. 
Special flows
The following lemma 3.3.2 immediately follows from compactness arguments. 
Proof. Let us embed the compact manifold with boundary M isometrically in an
Euclidean space. From we conclude that 
Estimates on the length of a non-Hamiltonian path
cohomology classes of the 1-forms rl* 2-2 and S ct~ds coincide. In particular, [q* 2 -2] ~ HI(M ). o Proof t t [~?~-~1 =S ,ff [~s+d(~(x~))]ds=~ [c, Ms. 0 0
However, at annihilates the characteristic line bundle K since X~ is necessarily tangent to OM. Therefore
i [~s]dseH~(M). [] 0
Let qt, Xt and 0~ be as above. 
Reduction to the exact case
In this section we continue to use the notations which were introduced above. 
(D )l({q,}) + C' (D ) for increasing functions C(D) and C'(D).
Proof First note that [0* 2-2] = [(A -1 (t))* 2 -2] + It/* 2-2] = 0 according to 3.3.1. Therefore, {@t} is Hamiltonian by 3.1.1. Now we have 
' (D) + C(D)/({q,}).
Finally note that A(I)=0 because r/l is exact. Therefore ~1 =r/1 [] The following lemma 3.5.2 is the main result of this section.
Lemma 3.5.2. Let 9~ be the subgroup of 9,0 which consists of exact xmplectomorphisms M~M. Then there exists an increasing function tp: , fig,o) ) for any f ~ 9,0.
Proof Take a diffeomorphism f=ql e~,. Let L=d(id, flg,o) . Then r h can be joined with the identity by a path r/,~9,o with l({qt})<2L. Applying the construction from 3.5.1 we can find a Hamiltonian path Or, t e [0, 1 ], with ffl = ~/1 such that
C(D)L + C'(D).
But Lemma 3.4.2 implies that 2L 
D__<Q
An inequality
The goal of this section is the following inequality 4.1. 
Exact case
Let now (M, to= d2) be a compact exact symplectic manifold.
Calabi invariant
Let r/e 9~,,a be an exact symplectomorphism which is fixed near 0M. Then the form 2~=r/'2-2 is exact and is 0 near OM. = -5.,c, d(H, ot/,)(7(u) 
Proof of Theorem 2.2.2
We start with the following simple lemma. 
